Abstract. We say that a space X has the separation property provided that if A and B are subsets of X with A countable and B first category, then there is a homeomorphism f : X → X such that f (A) ∩ B = ∅. We prove that a Borel space with this property is Polish. Our main result is that if the homeomorphisms needed in the separation property for the space X come from the homeomorphisms given by an action of an analytic group, then X is Polish. Several examples are also presented.
Introduction

All spaces under discussion are separable and metrizable. By an action of a topological group on a space we will always mean a continuous action.
Let G be a Polish group acting transitively on a second category space X. It is not difficult to prove the following: if A and B are subsets of X with A countable and B first category, then there is an element g ∈ G such that gA ∩ B = ∅ (Proposition 3.4). In other words, the group G pushes countable sets apart from first category sets. The standard proof of this is based on the fact that G satisfies the Baire Category Theorem. There are simple examples that demonstrate that a Polish group does not necessarily push arbitrary first category sets apart; hence this result is 'best possible'.
Let X be a space. We say that X has the separation property, abbreviated SP, provided that if A and B are subsets of X with A countable and B first category, then there is a homeomorphism f : X → X such that f (A) ∩ B = ∅. We will prove among other things that every locally compact homogeneous space has the SP and that this result cannot be generalized to Polish spaces.
This notion is related to the well-known notion of countable dense homogeneity. Recall that a space X is countable dense homogeneous (CDH) if given any two countable dense subsets D and E of X there is a homeomorphism f : X → X such that f (D) = E. It is trivial to show that if X is a CDH Baire space, then it has the SP. Indeed, let A and B be subsets of the CDH-Baire space X with A countable and B first category. We may assume that A is dense. Since X is Baire, there is a countable dense subset C of X with C ∩ B = ∅. Now let f : X → X be a homeomorphism such that f (A) = C. Thus f pushes A and B apart. We will present in §3 an example of a compact space which has the SP, but which is not CDH. This shows that within the class of Baire spaces, the separation property is strictly weaker than the property of being countable dense homogeneous.
JAN VAN MILL
Inspired by Hrušák and Zamora Avilés [13] , we prove the following: Theorem 1.1. If X is a Borel space with the SP, then X is Polish.
For analytic spaces, the theorem is not true. The example constructed by Hrušák and Zamora Avilés [13] under MA+¬CH+ω 1 = ω L 1 in their Theorem 2.6 is an analytic space Y with the SP which is not Polish.
We will show however that if the homeomorphisms needed in the separation property come from an action of an analytic group, then the 'underlying' space is Polish. Theorem 1.2. Let G be an analytic group acting on a space X. Assume that for all subsets A and B of X with A countable and B first category, there is an element g ∈ G such that gA ∩ B = ∅. Then X is Polish.
Observe that G may be first category; hence the proof is different from the standard proof for Polish groups that we talked about earlier.
Hence the space Y constructed by Hrušák and Zamora Avilés has enough homeomorphisms for the separation property, but no analytic group acting on Y achieves this. This would not be an interesting observation if there were no analytic group acting on Y . We will show that Y admits a transitive action by an analytic group G which consequently pushes points apart, but not much more since our results show that no analytic group acting on Y is so rich that it pushes arbitrary countable sets apart from arbitrary fist category sets. By applying the proof of Theorem 1.2 to the space Y , we can push this even further. We will show that if G is an analytic group acting on Y , then there is a countable subset D of Y which cannot be pushed off itself by G, i.e., gD ∩ D = ∅ for every g ∈ D. We summarize this in: 
Terminology
Recall our convention that all spaces under discussion are separable and metrizable.
A space is Polish if it is completely metrizable. We call a space Borel if it is a Borel subset of some Polish space. It is well-known that if a space is Borel, then it is a Borel subset of any space it is a subspace of. An analytic space is a space that is a continuous image of a Polish space. A space is co-analytic if it is the complement of an analytic subset of some Polish space. It is well-known that a space is Borel if and only if it is both analytic and co-analytic. This is due to Souslin; see e.g., [15, 14.11] . We will also need the well-known fact that an uncountable analytic space contains a Cantor set. This is also due to Souslin, see e.g., [15, 14.13] . We adopt the terminology of Kechris [15] . That is, Σ 1 1 (X) and Π 1 1 (X) denote the collections of analytic and co-analytic subsets of X, respectively. Analytic sets have the following well-known closure properties. 
. A subset A of a space X is called meager or first category (in X) if it is a countable union of nowhere dense subsets of X. If X is not meager (in itself), then it is said to be of the second category. We denote the collection of first category subsets of a space X by MGR(X). Observe that MGR(X) is a σ-ideal, that is, an ideal of subsets of X closed under countable unions.
A space X is Baire if the intersection of countably many dense open subsets of X is dense, or, equivalently, if the union of any countable subfamily of MGR(X) has empty interior. If X is not a Baire space, then by a result of Hurewicz [14] (see also [19, 1.9.13] ), X contains a closed copy of the space of rational numbers Q. The following result was proved in a more general context by Levi [16] (see also [19, Exercise A.13.4] ). We will use it in a similar way as in Hrušák and Zamora Avilés [13] . A space X is called homogeneous if for all x, y ∈ X there is a homeomorphism f : X → X with f (x) = y. A homogeneous space that is not first category (in itself) is a Baire space. This can be seen as follows. If it is not a Baire space, then it contains a first category nonempty open subset, say U . By homogeneity, X has an open cover by first category open subsets. But this cover has a countable subcover. Hence X is first category (in itself), which is contradictory to our assumptions. We will also need the simple fact that every clopen (= open and closed) subspace of a zero-dimensional homogeneous space is homogeneous. A space X is strongly locally homogeneous (abbreviated SLH) if it has an open base B such that for all B ∈ B and x, y ∈ B there is a homeomorphism f : X → X which is supported on B (that is, f is the identity outside B) and moves x to y. Observe that every zero-dimensional homogenous space is SLH (the clopen sets do the job).
Let a : G × X → X be an action of the topological group G on the space X. For every g ∈ G, the function x → a(g, x) is a homeomorphism of X. We use gx as an abbreviation for a (g, x) . This notation is sometimes slightly confusing, especially if G is a group of homeomorphisms on some space. The action is called transitive if for all x, y ∈ X there exists g ∈ G such that gx = y. This implies that X is homogeneous. If H is a closed subgroup of a topological group G, then G acts transitively on the coset space G/H = {xH : x ∈ G} and the natural projection map π :
It is well-known, and easy to prove, that if G acts transitively, then G/G x is homeomorphic to X if for every open neighborhood of the neutral element e of G and for some x ∈ X (equivalently, for every x ∈ X) we have that Ux is open. If the action has this property, then it is called micro-transitive. So for a space X to be (homeomorphic to) a coset space, it is necessary and sufficient that there is a topological group G acting transitively and micro-transitively on X. The Effros Theorem from Effros [9] (see also [1] , [12] and [20] ) implies that if both G and X are Polish and the action is transitive, then it is micro-transitive. This result was generalized in van Mill [20] : it suffices to assume that G is analytic and X is of the second category.
For a space X we let H(X) denote its group of homeomorphisms. If X is compact, then the so-called compact-open topology on H(X) makes it a Polish group. A subbasis for the compact-open topology on H(X) consists of all sets of the form
where K and U are arbitrary subsets of X with K compact and U open. It is not difficult to prove that the function (g, x) → g(x) is an action of H(X) on X.
Let X and (Y, ) be spaces. If f : A → Y is continuous and A ⊆ X is dense, then we say that the oscillation of f at x ∈ X is zero if for every ε > 0 there exists a neighborhood U of x in X such that the -diameter of f (U ∩ A) is less than ε. Evidently, the set of all points in X at which the oscillation of f is zero is a G δ -subset of X containing A. It is well-known, and easy to prove, that for complete the function f can be extended to a continuous functionf : B → Y , where B is the set of all points of X at which the oscillation of f is zero [10, 4.3.16] .
As usual, we let c denote the cardinality of the continuum. Proof. For (1), assume that X is not Baire. Let U be the collection of all open subsets U of X that belong to MGR(X). Then U = ∅, and there is a countable subcollection V of U such that V = U. This means that A = U ∈ MGR(X). Pick a point x ∈ A, and let f :
There is an element U ∈ U containing x. But then f (U ) belongs to U since f is a homeomorphism, and f (U ) ⊆ A, which evidently is a contradiction. We now prove (2) . Let G ⊆ X be a dense Polish subspace in X. If X is not completely Baire, then it contains a closed subspace A which is homeomorphic to the space of rational numbers Proof. First observe that (1) is a direct consequence of Proposition 3.1(2) and Lemma 2.3. For (2), first observe that X is Baire by Proposition 3.1 (1) . Hence X has a dense Polish subspace by Lemma 2.2. It consequently suffices to apply Proposition 3.1 (2) .
Finally, (3) is a direct consequence of (2) and (1).
Remark 3.3. In [13] , Hrušák and Zamora Avilés proved that if X is Borel and CDH, then X is Polish. We pointed out in §1 that a Baire CDH-space has the SP. But since not every CDH-space is Baire [11] , Corollary 3.2(3) cannot be thought of as a strengthening of the just-quoted result of Hrušák and Zamora Avilés. But they are very strongly related of course, both in spirit and in their proofs.
Note that Corollary 3.2(3) is the statement of Theorem 1.1.
(B) Classes of spaces with the SP. We will now identify some classes of spaces that have the SP.
Proposition 3.4. Let G be a Baire group acting transitively on a second category space X. Then for all subsets A and B of X with A countable and B first category, the set of elements
Proof. We may assume without loss of generality that B can be written as n<ω B n , with every B n closed and nowhere dense. For a ∈ A and n < ω, put G a,n = {g ∈ G : ga ∈ B n }. Then evidently, G a,n is open. We will prove that it is dense as well. To see this, take an arbitrary h ∈ G with open neighborhood U in G. Since G is Lindelöf, there is a countable F ⊆ G such that F U = G. Observe that since G acts transitively,
For every f ∈ F , the homeomorphism x → fx of X maps Ua onto f (Ua); hence Ua ∈ MGR(X) if and only if f (Ua) ∈ MGR(X). Since X ∈ MGR(X) and F is countable, this implies that Ua ∈ MGR(X). Hence Ua \ B n = ∅, so we may pick h ∈ U such that h a ∈ B n . Now since G is Baire, the set a∈A n<ω G a,n is dense in G. This clearly finishes the proof.
Remark 3.5. It is a natural question whether a Baire group pushes arbitrary first category subsets apart. But this is not true since there is a first category subset A of R such that (x + A) ∩ A = ∅ for every x ∈ R. Indeed, let denote the standard Cantor middle-third set in I. It is well known that every x ∈ [−1, 1] can be written as x = α − β, where α, β ∈ ; cf. [19, 1.5.9] . Using this, it is easy to see that A = Z + is as required.
Let X be a homogeneous locally compact space, and consider its Alexandrov one-point compactification αX = X ∪ {∞}. The group {g ∈ H(αX) : g(∞) = ∞} is closed in H(αX), hence is Polish, and by homogeneity clearly acts transitively on X. Hence by Proposition 3.4 we consequently get our first important class of spaces with the SP: Corollary 3.6. Every locally compact homogeneous space has the SP.
Remark 3.7. This means that the product of the Cantor set and the 1-sphere has the SP. Since a moment's reflection shows that it is not CDH, this shows that even in the class of compact topological groups the separation property is strictly weaker than the property of being countable dense homogeneous.
Remark 3.8. It is clear that the proof of Proposition 3.4 'works' if G is Baire and ℵ 0 -bounded, meaning that for every neighborhood U of the identity of G there is a countable subset F of G such that F U = G. This implies for example that if X is a compact homogeneous Hausdorff space such that its group of homeomorphisms H(X) endowed with the compact-open topology is a Baire space and is ℵ 0 -bounded, then X has the SP. In Appendix 2 of this paper, we will present an example of a compact homogeneous Hausdorff space X which does not have the SP. In fact, H(X) is neither a Baire space nor an ℵ 0 -bounded topological group.
In view of Corollary 3.6, the question arises whether every homogeneous Polish space has the SP. The answer is in the negative, as the following example shows. Proof. This is example Z in [22] , where (1) through (4) are proved. We will check that (5) follows from (1) through (3). First observe that by (2), every component of A is a component of Z, and similarly for B. Now let D be a countable subset of B which intersects every component of B and, striving for a contradiction, assume that there is a homeomorphism f :
Since f permutes the components of Z, it follows by the first part of (3) that A contains a sequence of components converging to a point. But this contradicts the second part of (3). Corollary 3.2(3) shows that Borel spaces with the SP are Polish. Hence spaces with the SP that are not Polish are rare. We will present such examples below. Our aim is now to formulate a simple and usable criterion that detects the SP in Polish spaces. Let X be a space with open cover U. We say that a map f : X → X is limited by U if for each x ∈ X there is an element U ∈ U containing both x and f (x). It was shown in [2, Lemma 5.1] that if X is Polish and {h n } n is a sequence of homeomorphisms of X for which there exists a sequence of open covers {U n } n of X such that (1) U n is a barycentric refinement of U n−1 ; (2) U n has mesh less than 2 −n ; Proof. Let D and A be subsets of X with D countable and A ∈ MGR(X). We may assume that A can be written as n<ω A n , with each A n closed and nowhere dense. We will construct a sequence of homeomorphisms (f n ) n of X that satisfies the conditions mentioned in the Inductive Convergence Criterion such that f We will demonstrate that completeness is essential in this result.
Example 3.12.
There is a connected Baire space that is SLH but does not have the SP.
Proof. The example X in [17, 3.5 ] is a connected Baire space, is SLH, and has a countable dense subset E such that f (E) ∩ E = ∅ for any homeomorphism f : X → X. Hence X does not have the SP.
The assumption on SLH-ness in Corollary 3.11 is essential as well, even among homogeneous spaces, as is demonstrated by Example 3.9.
(C) More examples. We will indicate now that the results in this section are more or less optimal. Recall that a subset X of the Cantor set 2 ω is ℵ 1 -dense provided that every nonempty open subset of 2 ω intersects X in a set of size ℵ 1 . The following result is Theorem 2.6 in Hrušák and Zamora Avilés [13] .
Let Y be as in Theorem 3.13 (2) . Observe that Y has the SP(see §1) and hence has a dense Polish subspace by Corollary 3.2(2) (this can also be seen directly of course). Hence Y demonstrates that Corollary 3.2(3) unfortunately cannot be generalized to analytic spaces.
Observe that Y is not even a Borel space. If it were, then X would be Borel, contradicting the fact that an uncountable analytic space contains a Cantor set and hence has cardinality c > ℵ 1 . Let G be an analytic group acting on a space X. Assume that for all subsets A and B of X with A countable and B ∈ MGR(X) there is an element g ∈ G such that gA ∩ B = ∅. We will prove that X is Polish.
Lemma 4.1. Every orbit of G is clopen in X and contains a dense Polish subspace.
Proof. We will complete the proof of the lemma in several steps. Claim 1. If x ∈ X, then Gx ∈ MGR(X) and is a Baire space.
Proof. If Gx ∈ MGR(X), then there is by assumption an element g ∈ G such that gx ∈ Gx and this is nonsense. So every orbit of G is second category in X (and hence in itself). Since orbits are homogeneous, this implies that every orbit of G is a Baire space. ♦ Claim 2. If x ∈ X, then Gx is closed and contains a dense Polish subspace.
Proof. Since the map g → gx is a continuous surjection G → Gx, it follows that
Gx is analytic. By Claim 1 we conclude that Gx is a Baire space; hence it has by Lemma 2.2 a dense Polish subspace, say S. Striving for a contradiction, assume that there is an element p ∈ Gx \ Gx. Observe that Gp ⊆ Gx \ Gx. Hence Gx \ S ∈ MGR(X) and contains Gp. So Gp ∈ MGR(X) and we contradict Claim 1. ♦
Claim 3. If x ∈ X, then Gx is open.
Proof. Since Gx ∈ MGR(X) and is closed by Claims 1 and 2, it has nonempty interior. But then, clearly, Gx is open. ♦ So we are done.
Hence the orbits of G form a (necessarily countable) clopen partition of X. Fix an arbitrary x ∈ X, and consider its orbit Gx. Assume that A and B are subsets of Gx with A countable and B ∈ MGR(Gx). Then B ∈ MGR(X). Hence there exists by assumption an element g ∈ G such that gA ∩ B = ∅. Clearly, gA ⊆ Gx. Hence G acts on Gx in the same way as it acts on X. As a consequence we may assume without loss of generality that G acts transitively on X. Since G is analytic, this implies that X is analytic.
By Lemma 4.1, pick a dense Polish subspace T in X. In addition, letX be an arbitrary completion of X. WriteX \ T as n<ω A n , where every A n is closed iñ X. Observe that since T is dense inX, A n ∩ X ∈ MGR(X) for every n < ω.
Let a : G × X → X denote the action of G on X.
Lemma 4.2. There is a Borel set B inX containing X such that a can be extended to a continuous functionā
Proof. We let π : G ×X →X denote the projection. By [19, A.8.4] there is a G δ -subset S of G ×X containing G × X such that a can be extended to a continuous functionā : S →X. Put C =X \ π (G ×X) \ S . Observe that (G ×X) \ S is analytic since G is analytic. Hence C is co-analytic. Moreover, C contains X and G × C ⊆ S. Now by the separation theorem for analytic sets, [15, 14.7] , there is a Borel set B ofX such that X ⊆ B ⊆ C. We claim that it is as we want. Assume that there are p ∈ B and g ∈ G such thatā(g, p) = x ∈ X. Pick a sequence (x n ) n of elements of X converging to p. Then by continuity ofā, the sequence Let P be a Polish space for which there exists a continuous surjection α : P → G. Let S be the collection of all subsets S of G for which there exists an element x S ∈ X such that Sx S ∈ MGR(X). Observe that ∅ ∈ S.
Let U be the collection of all open subsets of P such that α(U ) can be covered by countably many element of S.
Lemma 4.4. P \ U = ∅.
Proof. There is a countable subcollection E of U such that E = U. For every U ∈ E there is a collection {S U n : n < ω} of subsets of G and for every n an element x
Then, clearly, g ∈ U∈E α(U ).
So P = P \ U is a nonempty closed subset of P and hence is Polish.
Corollary 4.5. If V ⊆ P is a nonempty relatively open set, then α(V ) cannot be covered by a countable subfamily of S.
Proof. Suppose not. Pick a countable subfamily E of U such that E = U. It follows easily that V ∪ (P \ P ) = V ∪ E belongs to U, which is impossible since V is a nonempty subset of P .
Let W be a countable base for P . We assume without loss of generality that ∅ ∈ W. For W ∈ W and n < ω, put
Proof. Suppose that there is a sequence (b m ) m in S(W ) n with limit x ∈ X. Since A n is closed, it clearly follows that α(W )x ⊆ A n ; hence α(W )x ⊆ A n ∩ X ∈ MGR(X). So α(W ) ∈ S, which contradicts Corollary 4.5.
Then P n is closed in P , and n<ω P n = P . Hence by the Baire Category Theorem for P , there exist n < ω and W ∈ W such that W ⊆ P n . Hence α(W )b ⊆ A n , and so b ∈ S(W ) n .
Hence Lemmas 4.6 and 4.7 show that X is a Borel space. Since it is also an SPspace, it is Polish by Corollary 3.2(3). This completes the proof of Theorem 1.2.
Remark 4.8. In view of Theorem 1.2, it is natural to ask the following. Suppose that G is an analytic group acting on a space X. Assume that for every countable subset A of X there is an element g ∈ G such that gA ∩ A = ∅. Is X Polish? The answer to this question is in the negative. For a counterexample, consider any uncountable first category topological group. Hence this shows that Theorem 1.2 is 'best possible'. Note that since Y is not Polish, Theorem 1.2 gives us that there exist subsets A and B of Y with A countable and B ∈ MGR(Y ) such that gA ∩ B = ∅ for every g ∈ G. The proper generalization of this to countable sets would be to demand that both A and B are countable. It is easy to see that this is equivalent to the statement of Theorem 5.1.
Proof. The proof is by contradiction, i.e., we assume that for every countable subset
There is by Lemma 4.2 a Borel set B in 2 ω containing Y such that the action a : G × Y → Y can be extended to a continuous functionā :
Again by abuse of notation, if U ⊆ G and p ∈ B, we denoteā(U × {p}) by Up. Moreover, if U is a singleton, say {u}, then we denote Up by up.
Let P be a Polish space for which there exists a continuous surjection α :
Observe that G x,h is closed in G and contains h. Let U be the collection of all open subsets of P for which there exist countable subsets A ⊆ Y and H ⊆ G such that
Proof. There is a countable subcollection E of U such that E = U. So if U covers P , {α(U ) : U ∈ E} covers G, and hence there are countable sets A ⊆ Y and
Since H is countable, there is a countable D ⊆ Y such that A ⊆ D and hD = D for every h ∈ H. There is, by assumption, an element g ∈ G such that gD ∩ D = ∅. Then clearly g ∈ {G x,h : x ∈ A, h ∈ H}, which is a contradiction. ♦ So P = P \ U is a nonempty closed subset of P and hence is Polish.
Claim 2. If V ⊆ P is a nonempty relatively open set, then there do not exist countable subsets A ⊆ Y and H
Proof. If this is not true, then pick a countable subfamily E of U such that E = U. It now easily follows that V ∪ (P \ P ) = V ∪ E belongs to U, which is impossible since V is a nonempty subset of P . ♦ Let W be a countable open base for P . We assume without loss of generality that ∅ ∈ W. For W ∈ W, put
Proof. Suppose that there is a sequence (b n ) n in S(W ) with limit y ∈ Y . Pick an arbitrary t ∈ W , and put c n = α(t)b n and c = α(t)y, respectively. Observe that c n → c. If s ∈ W is arbitrary, then
This proves that α(W ) ⊆ G y,h , where h = α(t), and hence contradicts Claim 2. ♦
Claim 4. Gb is uncountable.
Proof. Striving for a contradiction, assume that Gb is countable, say Gb = {z n : n < ω}. For every n, put
Then A n is clearly closed, and n<ω A n = P . By the Baire Category Theorem, the interior in P of some A n is nonempty. But then there exists W ∈ W such that |α(W )b| = 1, i.e., b ∈ T . This is a contradiction. ♦ This completes the proof since Gb is an uncountable analytic space, hence contains a Cantor set. This is impossible since |X| = ℵ 1 and c > ℵ 1 .
Hence we conclude that an analytic group acting on Y is somehow 'concentrated' on a countable subset of Y . But do there exist analytic groups that act in a nontrivial way on Y ? This question will now be considered.
(B) Y is homogeneous. We will prove that Y is a homogeneous space.
Let X be a space and fix an arbitrary point x ∈ X. By τ (x) we denote the type of x, i.e., y ∈ X : ∃ h ∈ H(X) h(x) = y . Observe that types are always homogeneous spaces.
For a CDH-space X, types are particularly nice. Bennett [6] proved that all types τ (x) for x ∈ X are clopen (see also [19, 1.6.7] ). This gives us that every CDH-space is the topological sum of an at most countable family of homogeneous spaces.
Now consider the space Y and pick an arbitrary It is asked in [4, 2.2.8] whether the set B in Theorem A1.1 can be taken to be G δ . This question was solved in the negative recently by Ding and Gao [7] . They proved that every nonlocally compact Polish group can serve as a counterexample: for every nonlocally compact Polish group G there are a Polish space X, a Π The aim of this appendix is to point out that the proof of Theorem A1.1 by Becker and Kechris contains a small inaccuracy. Fortunately, it can easily be corrected. We will also provide a negative answer to Question 4.7 in Ding and Gao [7] .
Let be the standard Cantor middle-third set. Let {E, F, G} be a clopen partition of by nonempty sets. Pick an arbitrary point x ∈ E, and write E \ {x} as the disjoint union of nonempty clopen subsets {E n : n < ω}. Similarly, pick y ∈ F , {F n : n < ω}, z ∈ G, and {G n : n < ω}. For n < ω let f 2n : E 2n → F n and let f 2n+1 : E 2n+1 → G n be arbitrary homeomorphisms. Let f : E \ {x} → (F \ {y}) ∪ (G \ {z}) be the homeomorphism n<ω f n .
Put A = \ {x, y, z}, and define an involution σ : A → A by
Lemma A1.2. The oscillation of σ at y and z is zero andσ(y) =σ(z) = x, while the oscillation of σ at x is not zero.
Proof. Let U be a neighborhood of x which is contained in E. Then clearly V (U ) = f (U \ {x}) ∪ {y, z} is a neighborhood of {y, z} which is contained in F ∪ G. We prove simultaneously that the oscillation of σ at y is zero and thatσ(y) = x. Let U have small diameter. Then V (U ) is a neighborhood of y such that σ(V (U ) ∩ A) ⊆ U and hence has small diameter, and similarly for z.
On the other hand, no matter how small we take U , it will always contain a tail of the sequence (E n ) n . Hence σ(U ) contains tails of the sequences (F n ) n and (G n ) n . This means that the diameter of σ(U ) is always larger than or equal to, say, the distance of y and z divided by 2.
Let G = Z 2 = {0, 1}, A as above and X = . The involution σ on A defines in the obvious way an action a :
Observe that the oscillation of a is zero at every point of the form (0, s), where s ∈ X. Hence B is simply the set of all s ∈ X at which the oscillation of σ is zero. Now that we know what the problem is, it is a triviality to fix it by a slight modification of the proof of [4, 2.2.7] . We remark that the proof works for analytic groups, not only for Polish groups. Proof. We may assume that A is dense in X. LetĜ be a Polish space containing G as a dense subspace, and let π :Ĝ × X → X denote the projection. Put
: g ∈Ĝ, x ∈ X, and the oscillation of a at (g, x) is zero}.
Then Z is a G δ -subset of the Polish space Y =Ĝ × X containing G × A, and the function a : G × A → A can be extended to a continuous function b : Z → X [10, 4.3.16] . Observe that G × X is analytic; hence (G × X) \ Z is analytic (Proposition 2.1). Hence π (G × X) \ Z is analytic and clearly misses A. Put
and observe that
and observe that by Proposition 2.1(1),
without loss of generality that 0 ∈ X, i.e., that
Observe that Y + Q = Y . We split each y ∈ Y into two points, y − and y + . The points of X will not be split. Order the set
in the natural way, so that y − always precedes y + . Endow S(X) with the order topology derived from this order. Then S(X) is easily seen to be a locally compact, zero-dimensional first countable space. In addition, X as a subspace of R is precisely the same space as X as a subspace of S(X). Moreover, the sets
are both homeomorphic to subspaces of S. The construction of splitting some but not all points of R is well-known and was used by many authors. See, e.g., van Douwen [8] and [18, §6] .
The following result is [18, Theorem 6.3] .
Fact 2. S(X) is homogeneous.
Now consider the clopen arc Z = [0
Then Z is clearly compact and also homogeneous, being a clopen subspace of the homogeneous zerodimensional space S(X) (Fact 2).
Let D be a countable dense subset of X, and put E = (D + Q) ∩ X . Let f : Z → Z be an arbitrary homeomorphism. We will show that f (E)∩E = ∅.
Lemma A2.1. There is a countable subset
Since A n has a countable base and Z \X is the union of two subspaces each homeomorphic to a subspace of S, it follows that A n is countable (this is well-known; see, e.g., [18, 3.10] ). Hence A = n∈Z A n is countable. It is clear that S = X \ A is as required.
Lemma A2.2. f (E) ∩ E = ∅.
Proof. We adopt the notation in Lemma A2.1.
By [19, A.8.5] , there are G δ -subsets G and H of R\A such that g = (f S): S → S can be extended to a homeomorphismḡ : G → H. Henceḡ ∈ F, and if |{x ∈ G : g(x) ∈ V (x)| = c, then by Fact 1 there exists x ∈ G ∩ X such thatḡ(x) ∈ X. But then x ∈ S and f (x) =ḡ(x) ∈ X, which contradicts Lemma A2.1. Hence we conclude that (1) |{x ∈ S : f (x) ∈ V (x)}| < c.
For every q ∈ Q, let B q = {x ∈ X : f (x) = x + q}. We claim that B q is closed in X . To see this, let (x n ) n be a sequence in B q converging to an element x ∈ X . Then f (x n ) converges on the one hand to f (x) ∈ Z and on the other hand to x + q ∈ X. From this we conclude that f (x) = x + q ∈ X .
From (1) and the fact that A is countable, we conclude that
Hence Lemma 3.3 in [17] shows that there exists q ∈ Q such that B q has nonempty interior in X . But then B q meets E, say in x, and hence f (x) = x + q ∈ E.
Hence we conclude from Lemma A2.2 that Z does not have the SP. We will now show that H(Z) is not a Baire space and is not ℵ 0 -bounded. Then by Lemma A2.2, H(Z) = n,m<ω D n,m . Hence it suffices to prove that for fixed n, m < ω we have that D n,m is nowhere dense in H(Z). But this is a triviality. Indeed, pick a finite collection K of compact subsets of Z and for every K ∈ K an open subset U (K) in Z such that K∈K [K, U (K)] = ∅, say contains the homeomorphism f . We may assume without loss of generality that every U (K) is clopen. If f (e n ) = e m , then there is nothing to prove. Suppose therefore that f (e n ) = e m . There is a clopen neighborhood V of e n such that if e m ∈ U (K) for some K ∈ K, then f (V ) ⊆ U (K), and if e m ∈ U (K), then f (V ) ∩ U (K) = ∅. Since f (V ) is homogeneous, being clopen, there is a homeomorphism ξ of Z that is supported on f (V ) while moreover ξ(e m ) = e m . Consider g = ξ • f . Then g(e n ) = ξ(e m ) = e m ; hence g ∈ D n,m . It is easy to see that g ∈ K∈K [K, U (K)].
We next prove that H(Z) is not ℵ 0 -bounded, as follows. We need the following fact, which is Lemma 6.2 from [18] of the identity homeomorphism of Z (our notation is confusing since we use brackets with two different meanings), and let F ⊆ H(Z) be an arbitrary countable set. If
